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A B S T R A C T   

This paper presents an optimization algorithm for band-gap maximization aimed at designing the porosity of a 
cementitious composite. Numerical analysis revealed the relationship between the composite porosity and band 
structure. With the utilization of gravels as the main aggregate, microbeads and a vesicant were also mixed to 
produce the porous cementitious composite, where correlative experiments were conducted on the mixture 
proportion. Digital microscope images were applied to evaluate the micro-construction details of the composite. 
The acoustic performance of the porous concrete was tested by an impedance tube. The results show that the 
maximum sound absorption coefficient of the phononic crystal composed of 4 mm gravels and surrounding 
microbeads can reach 90%. The frequency corresponding to the peak value is 1490 Hz, which is consistent with 
the frequency range of the band gap from theoretical derivation and simulation analysis. This developed 
methodology is expected to be applied to the design of cementitious structures to achieve sound absorption 
performance enhancement.   

1. Introduction 

Sound-absorbing structures, which are typically developed using a 
combination of low- and high-index materials, are periodic structures 
designed to affect the motion of acoustic waves by impeding the prop
agation of waves in particular directions within certain frequency ranges 
known as band gaps. As an analogue of sound-absorbing structures, 
phononic crystals have been widely studied over the past decade [1]. In 
their micro-scale applications, phononic crystals offer rigid attachments 
for vibrating devices with their substrates, such as gyroscopes, bionic 
structures [2], and mechanical resonators [3]. 

There are various methods for the calculation and optimization of 
the band structures of phononic crystals. Sigmund and Jensen [4] 
applied the finite-element method (FEM) and the method of moving 

asymptotes (MMA) to maximize the band gaps of phononic crystals. 
Nevertheless, optimization can only start from the initial design with 
existing band gaps. The FEM was extensively used to compute the band 
structures of three-dimensional phononic crystals from a geometrical 
perspective, and was verified by calculating the band structures of 
three-dimensional locally resonant phononic crystals [5]. Alternatively, 
the finite-difference time-domain (FDTD) method was developed 
incorporating with a performance computing (PC) cluster system to 
process and accelerate the calculation of the band gap phenomena of 3D 
phononic crystals [6]. To realize novel phononic crystal designs, Gaz
onas et al. [7] proposed a genetic algorithm (GA) associated with the 
FEM to optimize a 2D phononic crystal with a hexagonal lattice for 
acoustic waves. Additionally, a GA was also combined with the fast 
plane wave expansion (FPWE) method to optimize 2D phononic band 
gap crystals [8]. However, the low efficiency of GAs is inadequate for 
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optimization involving numerous computations, such as those of 3D 
structures. Consequently, an efficient optimization algorithm should be 
selected for the design of 3D phononic crystals. Well-established opti
mization algorithms include solid isotropic material with penalization 
(SIMP) [9,10], level set [11], and bidirectional evolutionary structural 
optimization (BESO) [12,13]. BESO applies discrete design variables so 
that the resulting optimized structure has a clear but zig-zag boundary. 
An improved BESO algorithm, named evolutionary topology optimiza
tion (ETO), has recently been proposed [14], which enables the deter
mination of a smooth structural topology boundary with a constructed 
level-set function (LSF). 

A phononic crystal slab, namely, a slab with a periodic variation in 
material constants in the plane, has been experimentally studied by 
Zhang et al. [15], who identified directional band gaps for slab or plate 
modes for surface acoustic waves. However, Khelif et al. [16] claimed 
that surface acoustic waves could only occur in semi-infinite media, or at 
least in slabs much thicker than the surface wave penetration depth. For 
two-dimensional phononic crystal slabs, the frequency band gap width 
and frequency range have been experimentally measured [17,18]. 
Nevertheless, phononic crystals are assumed to be infinitely thick or 
extremely thin in theoretical analysis [15], whereas actual models in 
experiments exhibit a finite size and thickness [16,17]. Selecting the slab 
with the simplest geometry as an example, the corresponding band 
structures and band gaps can greatly differ as the thickness varies. Sai
nidou et al. [19] evaluated the band gaps in three-dimensional binary 
systems composed of steel spheres in polyester, and revealed the impact 
of the geometry of the structure on the width of the band gaps. It is 
noteworthy that a three-component system is characterized by the 
adjustability of wave gap, e.g. the wave gap of this system can be 

continuously tuned from a resonance gap to a Bragg gap by adjusting the 
softness of the coating [20]. 

For civil engineering applications based on the concept of phononic 
crystals, concrete is a dense material that is capable of reflecting sound 
waves (i.e., the sound absorption is insignificant). Nevertheless, the 
wave absorption performance of cement-based materials can be 
improved by changing the material composition and construction [21]. 
Cement with specific additive materials can create composites with 
distinguished wave absorbing capability, which have received research 
interest in civil engineering [22]. In non-porous cement-based com
posites, the solid–solid interfaces could enhance the sound absorption 
capability because sound waves are refracted and reflected at the 
interface [23]. A road sound barrier composed of coal/fired slag and 
cement was developed and analysed to examine the influence of slab 
thickness and particle size distribution on sound absorption [24]. The 
sound absorption capability of expansive clays was reported to depend 
on the particle size and the acoustic flow resistance [25]. Use of waste 
concrete as an aggregate in preparing porous concrete sound-absorbing 
plates can reach an optimal porosity of 25% [26]. The sound absorption 
capability of concrete specimens can be doubled by adding a 40% by 
volume of hollow microbeads consisting of aluminium silicate [27]. In 
addition, when preparing porous concrete, the surface area of pores can 
be increased by using a foaming agent, which improves sound absorp
tion performance [28]. 

While several studies were carried out to research the effect of 
porosity on concrete sound absorption, the literature lacks a theoretical 
derivation or optimization design of porosity parameters. In this paper, 
an optimization algorithm for band-gap maximization is presented for 
the selection of target porosity in cementitious composite mix designs. 

Notations 

Basic SI units are given in parentheses 
ρ1 the density of gravel (kg/m3) 
λ1, μ1 Lamé constants of gravel (GPa) 
ρ2 the density of porous medium (kg/m3) 
λ2, μ2 Lamé constants of porous medium (GPa) 
a the size of discretized square element of composite 

structure 
u(r,k) the displacement vector of point of interest 
t the time 
∇ the gradient operator 
x, y, z the cartesian coordinates of point of interest 
r the position vector of point of interest 
u(r) the periodic function of r 
k the Bloch wave vector of point of interest 
kx, ky, kz the components of k of point of interest 
ω the angular frequency of the elastic medium 
np the number of periods 
U the vector of displacements at all the element nodes 
K the stiffness matrix of the whole discrete system 
M the mass matrix of the whole discrete system 
xe the design variable characterizing element material 

composition 
f(xe) the normalized band gap size 
V the volume fraction of solid composing of the element 
δ the limit of solid volume fraction ensuring concrete 

manufacturability 
ωn(k) the nth eigenfrequency of the element 
u(k)n the normalized eigenvector 
Np the total number of points along the Brillouin zone 
p the parameter characterizing the type of P-norm 
Cp1 the upper bound of the minimum eigenfrequency 

Cp2 the lower bound of the maximum eigenfrequency 
αe the sensitivity number for frequency maximization 
α̂i the filter converting sensitivity number from element to 

node 
rei the distance between the center of element e and node i 
w(rei) the weight factor in defining αe 
rmin the prescribed filter radius in defining w(rei) 
l the current iteration number 
Φ(o) the LSF value at an arbitrary point within the design 

domain 
No the counter of element 
o an arbitrary point located in element No 
ζo, ηo, and γo the corresponding natural coordinates of the 

considered point 
(αi)No the ith node sensitivity number of element No 
ζi, ηi,, and γi the coordinates of (αi)No 

S the level-set value 
D the design domain in setting S 
Ω the cement regions in setting S 
T the boundaries setting S 
V* the prescribed volume in evolution 
ER the evolution rate 
Φi

l the LSF values at all nodes of element i 
Nap the number of points in element grid 
Nlp the number of points whose LSF value exceeds S 
τ the convergence error in iterations 
q the lower iteration number for convergence check 
Q the upper iteration number for convergence check 
Ct the transverse wave speed 
up the displacement in formulation of wave propagation 
σpq the stress in formulation of wave propagation 
εrs the strain in formulation of wave propagation 
Cpqrs the stiffness tensor in formulation of wave propagation  
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Numerical analysis facilitated the development of a relationship be
tween the composite porosity and band structure. In addition, correla
tive experiments were conducted on mixtures with various ingredient 
proportions. With the use of gravel as the main aggregate, microbeads 
and vesicants were also added to produce porous cementitious com
posite mixtures. Further, digital microscope images were observed to 
evaluate the micro-construction details of the composite mixtures. The 
acoustic performance of the porous concrete was tested by an impedance 
tube. The results show that the phononic crystal composed of gravels 
and surrounding microbeads have significant sound absorption perfor
mance, which is in good agreement with numerical predictions. The 
proposed methodology is applicable to design of cementitious structures 
to enhance their sound absorption capability. 

2. Analysis of porous cementitious sound-absorbing slab 

The fabrication procedure and simplified geometry of the cementi
tious composite are depicted in Fig. 1(a). Porous cementitious sound- 
absorbing slabs are a novel type of cement matrix composite consist
ing of gravel as aggregate, cement as gel, water, and additives. Gravel 
particles of different sizes and shapes were coated with a thin layer of 
cement slurry as the cement layer. These aggregate particles are bonded 
to each other and form an internal pore network resulting in homoge
neous porous structures. Open microbeads are saturated with water 
before hydration and dispersed throughout the aggregate particles. After 
the concrete particles have been produced, the microbeads lose their 
internal water and form cavities (i.e., pores) around the aggregate par
ticles. During acoustic wave propagation, the air entrapped within the 
pores vibrates and rubs against solid surfaces [29]. Due to viscosity and 
thermal conduction effects, acoustic energy is constantly converted into 
heat energy and is consumed. In this case, the amplitudes of sound 
waves are attenuated and the sound pressure level decreases, thus 
achieving the sound absorption effect. 

The structure is assumed to be infinite and periodically arranged in 
the X and Y directions (X and Y directions are parallel to the structure), 
while it exhibits a finite size in the Z direction (Z direction is normal to 
the structure). The entire domain initially consists of gravel (density, ρ1 
= 1850 kg/m3; Lamé constants, λ1 = 16.67 GPa and μ1 = 25.1 GPa) 
embedded in a porous medium consisted by cement and microbeads 
(density, ρ2 = 1200 kg/m3; Lamé constants, λ2 = 0.76 GPa and μ2 = 1.61 
GPa). The entire plate is discretized to periodic cubic elements with the 
dimension a (shown in Fig. 1), where the radius of the gravel depends on 
the porosity of the composite. The governing equation for the hetero
geneous elastic medium can be expressed as follows: 

ρ(r)
∂2u(r,k)

∂t2 =∇
{
[λ(r)+ 2μ(r)]

(
∇ ⋅ u(r,k)

)}
− ∇ ×

[
μ(r)∇×u(r,k)

]
(1)  

where λ and μ are Lamé constants; ρ is the mass density; u(r,k)is the 
displacement vector; t is the time, ∇ is the gradient operator, and r =

(, y, z) is the position vector [30]. According to the Bloch’s theorem, the 
displacement vector can be expressed as follows: 

u(r,k) = u(r)ei(k⋅r)eiωt (2)  

where u(r) is a periodic function of r with the same periodicity as the 
structure, i =

̅̅̅̅̅̅̅
− 1

√
, k = (kx, ky, kz) is the Bloch wave vector, and ω =

2πnp is the angular frequency. By solving the above equations with the 
FEM, the generalized eigen value equation in discrete form can be 
written as follows: 
(
K(k) − ω2M

)
U = (3)  

where U is the column vector formed by the displacements at all the 
element nodes in the calculation area, and K and M are the stiffness and 
mass matrices, respectively, of the whole discrete system. The detailed 
derivation of K and M is provided in the Appendix. 

A gravel/porous medium system with a specific filling fraction was 
chosen for the investigation due to the clear complete band gap for bulk 
wave propagation in the plane of an infinite structure. The band struc
ture along the high-symmetry axis of the first Brillouin zone [31], i.e., 
along the Γb (0,0)-Xb (π/a,0)-Mb (π/a, π/a)-Γb (0,0) path, was considered 
in this study. 

Selecting the band structure of the cementitious composite of size a 
= 8 mm and gravel volume fraction V = 0.6 (the shape is square) as an 
example, the unit cell is discretized into 16 × 16 × 16 linear eight-node 
brick elements. The band diagram is calculated by using the plane wave 
expansion (PWE) method, and the corresponding result is shown in 
Fig. 2. This figure clearly shows the variation in eigen frequencies along 
the boundaries of the first irreducible Brillouin zone. A complete elastic 
band gap (the 2nd band) is visibly observed in the mid-frequency region 
(920–930 Hz), which was used in the subsequent optimization (see 
Fig. 3). 

3. Topology optimization 

The entire BESO optimization procedure is outlined in the above 
flow chart. The optimization objective in this paper is to maximize the 
band gap between consecutive frequency modes of the composite. To 
characterize this objective by accommodating with different eigen 
values, the normalized band gap size f(xe) corresponding to the relative 
gap ratio was used as the objective function, written as follows: 

Max : f (xe)= 2
[

minωn+1(k) − maxωn(k)
minωn+1(k) + maxωn(k)

]

st : V ≥ δ (4)  

where xe is the design variable characterizing the material composition 
of an element; ωn(k) and ωn+1(k) represent the nth and (n+1)th eigen 
values of the element respectively; V denotes the volume fraction of the 
solid (i.e. the cement and the aggregate) compositing of the element; δ 
denotes the lower limit of solid volume fraction ensuring the concrete 
manufacturability. 

According to previous research on phononic crystals, the band gap 
width is generally determined by the property contrast of composites 
[32]. Accordingly, a linear material interpolation scheme was deployed 
herein as follows: 
⎧
⎨

⎩

ρ(xe) = (1 − xe)ρ1 + xeρ2
λ(xe) = (1 − xe)λ1 + xeλ2
μ(xe) = (1 − xe)μ1 + xeμ2

(5)  

where the subscripts denote the two materials composing of the element. 
The element is wholly composed of material 1 when xe = 0, and is wholly 
composed of material 2 when xe = 1. Due to the sensitivity of variable 
variation, the change in xe was limited to 0.1 between each iteration, 
and xe was varied from 0 to 1. Moreover, the value naturally approaches 
0 or 1 at the end of the optimization process. Note that the value of xe can 
only be defined as either 0 or 1 in the traditional BESO process [33]. 

Afterwards, the sensitivity of the objective function, f, with respect to 
design variable xe can be written as follows: 

∂f (xe)

∂xe
= 4

maxωn(k) ∂minωn+1(k)
∂xe

(minωn+1(k) + maxωn(k))2 − 4
minωn+1(k) ∂minωn(k)

∂xe

(minωn+1(k) + maxωn(k))2 (6) 

Additionally, the element sensitivities of the eigen frequencies can be 
obtained as follows: 

∂ωn(k)
∂xe

=
1

2ωn
u(k)T

n

(
∂K
∂xe

− ω2
n
∂M
∂xe

)

u(k)n (7)  

where u(k)n is the eigenvector normalized with respect to the global 
mass matrix. Additionally, the element sensitivities are obtained by 
averaging the neighbouring elements on the different layers, which 
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depends on the thickness of the composite. This occurs because the to
pology optimization is conducted similar to 2D pattern optimization. 

To maximize the specified band gap, the optimization process starts 
from the initial design and gradually redistributes material phases by 
changing the design variable of each cell. The maximum and minimum 
values of the objective function are generally not stable during this 
process. To address this problem, a previous study introduced upper and 
lower bounds (C1, C2) for the corresponding minimum and maximum 
eigen frequencies, respectively [34]. In this case, all the eigen fre
quencies between [minωn+1(k), C1] for the (n+1)th and above bands, 
and [C2, maxωn+1(k)] for the nth and below bands are considered for the 
optimization process. However, it is not precise to set a certain value for 
Ci (i.e., 0.9 or 1.1), and the corresponding assumptions are difficult to 
understand. Consequently, this study introduces a P-norm herein rather 
than Ci. 

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Cp1 =

(
1

Np

∑Np

1
ω1/p

n+1(k)

)p

Cp2 =

(
1

Np

∑Np

1
ωp

n+1(k)

)1/p
(8)  

where Np is the total number of points along the Brillouin zone, and p is a 
positive integer characterizing the type of P-norm, which is set to 8 here. 
Subsequently, all eigenfrequencies between [minωn+1(k), Cp1] for the 
(n+1)th and above bands and [Cp2, maxωn+1(k)] for the nth and below 
bands are considered for the formulation of the optimization problem. 

The sensitivity number for frequency maximization, αe, can be 
defined as follows: 

αe =
∂ωn(k)

∂xe
(9) 

Because nodal sensitivity numbers are adopted rather than elemental 

Fig. 1. Principle of the sound absorption capability of the cementitious composite: sketch of the fabrication procedure.  

Fig. 2. The 1st-3rd eigenfrequencies and the 2nd band gap of the cementitious composite.  
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ones for the evolutionary topology update procedure, the above element 
sensitivity numbers need to be converted into a nodal expression. To 
eliminate checker-board patterns and the mesh-dependency, the 
elemental sensitivity numbers are converted into smoothed nodal 
sensitivity numbers by a filter α̂ i as defined: 

α̂i =

∑
w(rei)αe
∑

w(rei)
(10)  

where rei is the distance between the centres of element e and node i, and 
w(rei) is the weight factor given as follows: 

w(rei)=max(0, rmin − rei) (11)  

where rmin is the prescribed filter radius. To further improve the 
convergence of the objective function, f, the nodal sensitivity is modified 
with its sensitivity history as follows: 

α̂l
i =

α̂l
i + α̂l− 1

i

2
(12)  

where l is the current iteration number. 
During the optimization process, the level-set method is applied for 

the design of smooth boundaries. For 3D brick elements, the LSF value at 

an arbitrary point within the design domain can be expressed using 
nodal sensitivity numbers as follows: 

Φ(o)=
∑8

i=1

1
8
[(1+ ζoζi)+ (1+ ηoηi)+ (1+ γoγi)](αi)

No (13)  

where o is an arbitrary point located in element No; ζo, ηo, and γo are the 
corresponding natural coordinates of the considered point; and (αi)No is 
the ith node sensitivity number of element No, whose coordinates are 
represented as ζi, ηi, and γi. With the above nodal sensitivity, the level-set 
method classifies the design domain (D) into cement regions (Ω), air 
regions (D/Ω), and boundaries (T) by setting the level-set value S, which 
is updated every iteration as follows: 
⎧
⎨

⎩

Φ(o) > S (o ∈ Ω)

Φ(o) = S (o ∈ T)
Φ(o) < S (o ∈ D/Ω)

(14) 

In the evolution process, the program starts from the initial design 
and gradually reduces the cement volume fraction to a prescribed vol
ume V* as follows: 

Vl+1 =Vl(1 − ER)
(
Vl+1 >V*) (15)  

where ER is the evolution rate and is set to 2% throughout this study. 
Due to the complex nature of the solution space, there may be many 
local optima corresponding to different volume fractions. In this case, 
the current optimization is limited to determining the optimal solution 
around the specified volume fraction. Once the volume fraction is below 
this value, the optimization process enters a metamorphosis stage. The 
volume fraction is determined by the variation trend of the objective 
function as follows: 

Vl+1 =Vl
{

1+
⃒
⃒f
(
xl

e

)
− f
(
xl− 1

e

)⃒
⃒
(
Vl − Vl− 1

)

⃒
⃒f
(
xl

e

)
− f
(
xl− 1

e

)⃒
⃒
⃒
⃒Vl − Vl− 1

⃒
⃒

ER
}

(16) 

According to the function, the target volume fraction in the next 
iteration is obtained by the variation in the objective function and vol
ume fraction in the last step. A decreasing volume fraction leads to an 
increase in the objective function f(xe). Hence, the target volume frac
tion in the next iteration continues to decrease and vice versa. However, 
the finite element model based on a fixed grid divides the elements into 
three groups, i.e., cement, air and boundary elements, as discussed 
earlier. Consequently, the volume fraction of each element must be 
calculated as follows: 

Vi =

⎧
⎪⎪⎨

⎪⎪⎩

1 for minΦl
i > S

0 for minΦl
i < S

Nlp
/

Nap otherwise
(17)  

where Φi
l are the LSF values at all nodes of element i. For a boundary 

element, the element can be assumed to be divided into fine grids with 
Nap points. Nlp is the number of points whose LSF value exceeds S. The 
optimization procedure iteratively updates the topology until the 
following convergence criterion is satisfied: 
⃒
⃒
⃒
∑Q

q=1

[
f
(
xl− q+1

e

)
− f
(
xl− Q− q+1

e

)]⃒⃒
⃒

∑Q
q=1f

(
xl− q+1

e
) ≤ τ (18)  

where Q,q are the iteration numbers, Q is set to 5 here. τ is the 
convergence error, which is set to 0.01%. 

4. Numerical results 

In this study, a cementitious composite was designed in terms of 
material and geometrical parameters to achieve the optimized sound 
absorption capability. The objective is to maximize the 2nd band gap 

Fig. 3. Flowchart of the BESO optimization procedure.  
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with solid material constraint, δ. The eigen frequency ω is normalized by 
ωa/2πCt, where Ct is the transverse wave speed. 

The corresponding band diagram and optimization algorithm were 
conducted by MATLAB. The optimization history and corresponding 
topological patterns of the cell whose design domain has an element size 
of a = 8 mm are shown in Fig. 4(a). Furthermore, it is important to 
consider the effect of element size on the band structure of such square- 
lattice structure. To evaluate the effect of this single parameter a, the 
initial design remains the same as that of the square-like solid material at 
the centre surrounded by air in the following study (V = 0.90). The 
evolution ratio is ER = 2%, and the filter radius is rmin = a/8. The solid 
material constraint, δ, is set to 0.3. However, the volume fraction, V, was 
justified in each iteration and convergent when the objective function 
reaches its maximum value, as described earlier. In this study, we 
simulated different values of element size a and corresponding 2nd band 
gaps shown in Fig. 4(b). 

According to the results, the normalized band gap size f(xe) experi
ences a sharp increase from negative (the condition that the maximum 
value of the lower eigenfrequency is larger than the minimum value of 
the higher frequency, which likes the first and second eigenfrequency in 
Fig. 2) to zero values at the beginning of the procedure and subsequently 
reaches a positive value at a solid volume fraction of V = 0.69. Alter
natively, a band gap clearly occurs at this stage, and the shape of the 
solid part changes into a rounded square-like configuration. As ex
pected, V decreases monotonically until it reaches the fluctuation 
around the constrained value, which results in f(xe) reaching a 
maximum value of 9.8% (Fig. 4(a)). Thereafter, the value of f(xe) fluc
tuates along with the value of V, and the shape of the solid part continues 
to change. Finally, the process converges around f(xe) = 7.6%. Although 
a lower volume fraction may yield a larger absolute value of the band 
gap, the objective function f(xe) still converges at V = 0.50, where the 
band gap reaches its maximum normalized value. Notably, this ideal 
volume fraction could not be predicted before the optimization pro
cedure. The evolution histories of the band gap size and gravel volume 
fraction clearly prove the robustness and efficiency of the proposed 
optimization method. 

In terms of the band structure versus the element size a, the mini
mum value of the 3rd eigen frequency minω3 = 1850 Hz and the 
maximum value of the 2nd eigen frequency maxω2 = 1720 Hz occur at a 
= 4 mm (Fig. 4(b)). With increasing element size, a, the difference of 
minω3 and maxω2 values, namely, the 2nd band gap size, slightly 
decrease. For instance, if the noise originates from the workstation 
operation, which lies within the middle of the frequency range 
(500–1000 Hz), the element size should be larger than 7 mm. In this 
circumstance, based on the optimum solid volume fraction value V =
0.50, the corresponding solid particle dimensions should be larger than 
5.6 mm. Notably, the normalized band gap size f(xe) basically remains 
constant when the element size varies. 

5. Specimen preparation 

The specimens were constituted by base material, i.e., Portland 
cement PO42.5; solid material, i.e., three types of gravel particles (size 
dimensions of 4, 6, and 8 mm); and porous material, i.e., microbeads. 
The properties of solid and porous materials are presented in Table 1. 
Afterwards, the key influencing factors are the presence of microbeads 
and the size of gravels. The microbeads determined whether phononic 
crystal cells could be formed, while the size of the gravels affected the 
frequency at which sound waves are absorbed. In order to intuitively 
compare the influence of these two factors on the sound absorption 
performance, six samples with the combinations of two factors and one 
plain concrete sample were made for comparison. It should be noted that 
due to the addition of microbeads, the weight of cement and water in the 
samples also needs to be adjusted accordingly, compare to those did not 
include microbeads. Additionally, vesicant (2% by mass) was added to 
each specimen to enhance porous features of the concrete. The mixture 

proportions for the various specimens are summarized in Table 2. 
According to the standard of sound absorption experiment, the shape 

and size of specimen section should be consistent with that of impedance 
tube. In this case, a square section impedance tube with an inner side 
length of 80 mm was used, thus the section of sample should also an 80 
mm side length square. On the other hand, the thickness of the sample 
depends on the material properties employed [35]. A large thickness 
(more than 80 mm side length) can eliminate the boundary effect and 
accurately measure the sound absorption performance of the composite 
in the ideal state. However, in the process of sample fabrication, gravels 
would deposit on the bottom of the sample due to gravity, resulting in 
material heterogeneity. Moreover, for the sample (S7) with large size 
gravel (8 mm), if the thickness is too small (less than 20 mm), it would be 
difficult to form uniformly distributed phononic crystals. In this case, the 
sound absorption performance could not be measured accurately. 
Therefore, the size of the sound absorbing concrete sample was deter
mined as 80 × 80 × 40 mm. The customized steel mould for the test was 
composed of side and bottom plates and connecting bolts. The side 
plates were fixed by bolts and placed atop the bottom plate to form 
close-grained specimens. To prepare the cementitious composite, 
cement, gravel and microbeads were proportionally mixed (Table 2) and 
poured into a mixer for dry mixing. Specifically, the target porosity was 
the expected pore volume percentage of the total volume of the material 
in its natural state, which could be reckoned as the pore volume (con
sisted of microbeads and air pockets generated by vesicant) divide the 
total volume of the sample. Notably, the materials had different den
sities. Hence, the masses of the samples were not identical. Afterwards, 
water and vesicant were stirred in a blender. Finally, the mixed concrete 
was poured into the mould, and the top surface was levelled. The mould 
was removed after three days of curing in an environment at a tem
perature of 21 ± 2 ◦C and relative humidity of 95 ± 5%. Then, the 
samples were covered with plastic film and further cured for 25 days. 

6. Microstructure observation 

To observe the material distribution principle and microstructure of 
each material sample, all samples were crushed. Subsequently, a 10-mm 
fragment was selected, and the micro-morphology of the cleavage sur
face was observed by digital microscope which could show details as 
small as 4 × 10− 4 mm (DVM6, Leica, Germany). As shown in Fig. 5(a), 
the internal morphology of specimen S1, composed of pure cement, was 
relatively flat and dense. The two circular pores in the middle were 
produced by the vesicant, a small amount of which had been dispersed 
throughout the mixture. This indicates that in the concrete without 
aggregate particles, the cement hydration degree was relatively high. 
However, for specimen S2 (Fig. 5(b)), the gravel surfaces (black parts) 
were smooth, and most of them were oval-like particles. Because of the 
lack of constraints from sharp edges, the bonding performance between 
the gravel surfaces and cement was not strong. Although it was not 
conducive to the concrete strength, it was beneficial for sound absorp
tion performance improvement. Due to the poor cement adhesion to 
gravel, sound waves caused the gravel particles to vibrate during 
propagation through the concrete. Therefore, most of the mechanical 
energy was converted into internal energy. This phenomenon became 
more prominent after the addition of microbeads (Fig. 5(c)). The 
microbeads (white parts) distributed around the gravel particles were 
small particles with irregular shapes, whose internal structure is shown 
in Fig. 5(d). They exhibited a smooth surface with many cavities inside. 
This played a crucial role in the microstructure of the sound-absorbing 
composites. One of their main functions was to further weaken the 
adhesion between the gravel particles and cement. Another function was 
to provide more pores, which together with the cement-based material 
produced a lower-density material consisting of phononic crystals. Ac
cording to the above calculation, the composites with large gravel par
ticle sizes revealed notable sound absorption effects at low frequencies. 
However, large gravel particles may result in a high probability of 
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internal defects. In addition, large gravel particles may sink to the bot
tom in the process of concrete mixing, which may cause an uneven 
material distribution in the concrete. Therefore, it is very important to 
select the appropriate gravel size for the sound absorption performance 
design of the composites. In order to show the distribution of various 
substances in different samples, the corresponding digital microscope 
images are presented in Fig. 5(e–h). As shown in Fig. 5 (e), the pores in 
S1 were different in size (the diameters were 0.2–0.4 mm), while the 
distribution was relatively uniform (the average interval was 2 mm). 
The size and distribution of air pockets depended on the mixing uni
formity of the vesicant and the cement powder. As for the influence by 
existence or absence of the microbeads on the micro structure, the dis
tribution of gravels was relatively dense (the average interval was 4 
mm), which was because more amount of gravels was added into S2 
(Fig. 5 (f)). In terms of S3, the gravels and the surrounding microbeads 
together formed phononic crystals (Fig. 5 (g)), where the interval 
became slightly larger (the average spacing was 5 mm). Few of the air 
pockets could be found (their distribution density was obviously less 
than that in S1). In addition, in S7, due to the sinking of the gravels at the 
bottom of the sample (Fig. 5 (h)), most of the microbeads and pores were 
squeezed to the upper side of the sample, whose distribution were 
relatively sparse here. 

7. Sound absorption tests 

The transfer function method is suitable for the research of the sound 
absorption and the comparison of the sound absorption performance of 
materials. It measures the sound absorption coefficient of specimens, 

which is related to the orientation of sound wave incidence and instal
lation conditions. Therefore, an impedance tube was generally applied 
to study the acoustic properties of materials independent of the sample 
size (Fig. 6(a)). During the test, the prepared specimen was loaded into a 
square plastic fixture, and a small amount of vacuum grease was applied 
to the lateral surfaces of the specimen to ensure that no gap remained 
between the specimen and fixture. The fixture was then installed in the 
impedance tube. The speaker was set to emit white noise with the fre
quency continuously increasing from 500 to 1900 Hz, which was 
determined by the measurement range of the impedance tube [36]. The 
sound pressures were measured by microphones (BSWA TECH 
MPA416-2) on both sides of the specimen, which could collect signals. 
Afterwards, the sound was transferred to voltage signals by the signal 
conditioner (SKC Q882) and measured by the data acquisition (DAQ) 
board (National Instrument USB-4431). In order to eliminate the influ
ence of the reflection of sound wave from the other end of the tube on 
the measurement of sound absorption performance, a sponge was placed 
at the other end of the impedance tube to absorb this part of the sound 
wave. However, some periodic ripple patterns appeared in the sound 
absorption curves of all samples. This could be caused by standing waves 
reflected from the acoustic waves inside the tube. Although a sponge 
was placed at the end of the tube to absorb sound waves through the 
specimen, a small amount of sound waves could still reflect from the 
end. Therefore, it was necessary to remove that ripples so as to obtain 
more accurate absorption coefficients [37]. Finally, sound absorption 
coefficients were plotted against frequencies for the seven tested speci
mens, as shown in Fig. 6(b). 

According to the results in Fig. 6(b), pure cement (S1) did not 

Fig. 4. Band gap optimization of the unit cell. (a) The normalized 2nd band gap size and volume fraction versus the optimization history (note that the initial design 
and historical topologies are shown at the top). (b) The optimized 2nd band gaps versus element size of a. 

Table 1 
Material properties of the gravel and microbeads.  

Aggregates Average size (mm) Bulk density (kg/m3) Apparent density (kg/m3) 1-Hour water absorption (%) 24-Hour water absorption (%) Porosity (%) 

Gravel 1 4.0 ± 0.04 1403 ± 15 1820 ± 19 6.66 ± 0.20 8.26 ± 0.15 0.19 ± 0.005 
Gravel 2 6.0 ± 0.07 1420 ± 16 1850 ± 23 6.82 ± 0.12 8.56 ± 0.26 0.20 ± 0.006 
Gravel 3 8.0 ± 0.07 1441 ± 13 1860 ± 22 6.85 ± 0.09 8.63 ± 0.14 0.21 ± 0.003 
Microbeads 1.0 ± 0.02 180 ± 8 410 ± 18 200 ± 3.2 220 ± 4.0 85 ± 0.2  

Table 2 
Sound-absorbing cementitious concrete mixture proportions.  

Sample ID Target porosity (%) Gravel (g) Gravel size (mm) Cement (g) Water (g) Microbeads (g) Vesicant (g) 

S1 5 – – 400 200 – 4.0 
S2 2 450 4 210 105 – 2.1 
S3 50 60 4 280 140 30 2.8 
S4 2 450 6 210 105 – 2.1 
S5 50 60 6 280 140 30 2.8 
S6 2 450 8 210 105 – 2.1 
S7 50 60 8 280 140 30 2.8  
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provide a good sound absorption performance. In the low-frequency 
band (500–800 Hz), the sound absorption coefficient remained rela
tively stable. However, it obviously fluctuated in the medium- and high- 
frequency bands (larger than 800 Hz). This occurred because the addi
tion of vesicant resulted in many pores in the concrete. They affected the 
propagation of sound waves within the specimen. However, the sound 
absorption coefficients of the concrete mixtures containing three types 
of gravel particles (specimens S2 through S7) was found to increase with 
increasing frequency to peak values, and then was found to decrease 
with further increasing frequency. In the specimen groups with the same 
gravel particle sizes, the sound absorption coefficients of specimens 
containing microbeads (specimens S3, S5, and S7) were higher. The 4- 
mm gravel samples (specimens S2 and S3) exhibited the highest sound 
absorption coefficient with a peak value at frequency of 1490 Hz. This 

agrees with the numerical simulation results corresponding to the band 
gap frequency of the 5-mm element size, as shown in Fig. 4(b). The 6- 
mm gravel samples (specimens S4 and S5) exhibited the peak absorp
tion coefficients, similar to those of the 4-mm gravel specimens, at fre
quency of 1020 Hz. This frequency was slightly higher than the band gap 
frequency determined by the numerical simulation with the 7.5-mm 
element size, as shown in Fig. 4(b). This may be due to the difference 
in material properties between the numerical simulations and the ex
periments. The peak absorption coefficient of the 8-mm gravel samples 
(specimen S6 and S7) occurred at frequency of 810 Hz, which was 
consistent with the numerical simulation results corresponding to the 
band gap frequency of the 10-mm element size, as shown in Fig. 4(b). 
Nevertheless, the sound absorption performances of these two speci
mens (S6 and S7) were relatively poor compared to the other specimens, 

Fig. 5. Digital microscope images of the cement 
matrix sound-absorbing composite. (a) The micro
structure near the air pockets in specimen S1; (b) the 
microstructure around a gravel particle in specimen 
S2; (c) the microstructure of a gravel particle and its 
surrounding microbeads in specimen S3; (d) the 
microstructure inside a microbead in specimen S3; (e) 
the air pockets distribution in S1; (f) the gravels dis
tribution in S2; (g) the material distribution in S3; (h) 
the material distribution in S7.   
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which may be due to the rapid precipitation of large-size gravel particles 
in the moulding process. This resulted in an uneven material distribu
tion. In conclusion, the gravel particle size affects the sound absorption 
performance of concrete at the different frequencies. The addition of 
microbeads obviously enhances the sound absorption ability. The reason 
is that a large number of connected pores occurs in the microbeads. 
Hence, water saturates the microbeads during concrete preparation. 
Therefore, a large amount of air is transferred from the microbeads to 
the cement to improve the sound absorption performance of the con
crete. Even for the same size of gravels, the distribution density of 
gravels in two samples (such as S2 and S3) with or without microbeads 
was different (as shown in Fig. 5 (f, g)). Comparing the absorption co
efficient curves of S1 and S2, it could be seen that the addition of gravels 
significantly improved the sound absorption performance. This was 
because gravels could refract and reflect sound waves, which weakened 
the energy of sound waves more than that in plain cement. However, the 
effect was not as obvious as that of phononic crystals composed of 
gravels and microbeads (S3). On the other hand, the sound absorption 
performance of large and scattered gravels (S7) was not as good as that 
of small and concentrated gravels (S3). The reason was that the over 
dispersed gravels made most part of the sample be similar to a single 
medium such as plain cement, which greatly reduced the possibility of 
refraction and reflection of sound waves at the interface between the 
gravels and microbeads. 

8. Conclusions 

This study was designed to investigating the sound absorption per
formance of phononic crystal consisted of cement embedded by gravels 
and microbeads, where the theoretical derivation, numerical simulation 
and physical validation were implemented successively. Based on the 
obtained results, the main conclusions can be drawn from this study as 
follows:  

(1) The sound absorption capability of cementitious composites 
made by cement embedded by gravels and microbeads could be 
improved via band gap maximization. With the smoothed 
boundary representation, the band gap was successfully 
expanded. The results indicated that solid volume fraction V =
0.5 was the best value for band gap maximization purposes, 
accompanied by a round shape.  

(2) The images from digital microscope revealed that the microbeads 
could weaken the adhesion between the gravel particles and 
cement. It could also provide more pores, which together with the 
cement-based material produced a lower-density mixture con
sisting of phononic crystals. On the other hand, large gravel 
particles might product an uneven material distribution. There
fore, it is very important to select the appropriate gravel size.  

(3) According to the physical validations, the microbeads could 
significantly improve the sound absorption performance. The 
maximum sound absorption coefficient of the phononic crystal 
composed of 4 mm gravels and surrounding microbeads can 
reach 90%. The frequency corresponding to the peak value is 
1490 Hz, which is consistent with the frequency range of the band 
gap from the theoretical derivation and simulation analysis. 

There are also some defects in the experiment. For example, the 
range of the impedance tube used in the experiment was only 400–2000 
Hz, which could not test the sound absorption effect of lower or higher 
frequency. In the future research, samples with other sizes can be made 
to match other impedance with different measuring range. In that case, 
the sound absorption effect of a wider frequency can be tested. Still, the 
methodology of designing and optimizing this phononic crystal is 
innovative and expected to be applied to the design of cementitious 
structures to achieve sound-proof structures. 
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Appendix 

The governing equations of wave propagation are: 

ρup,tt = σpq,q  

σpq =Cpqrsεrs  

where up is the displacement, σpq is the stress, εrs is the strain and Cpqrs is the stiffness tensor. 
According to the Bloch theory, the displacement vector can be expressed as: 

u(r,k) = u(r)ei(k⋅r)eiωt  

where: 

u(r) =
[
ux1, uy1, uz1⋯ux8, uy8, uz8

]T 

The discretized material law and the kinematic relations are given for one element as follows: 

ε6×1 =L6×3⋅u(r,k)3×1  

where the elastic strain operator matrix L is given as: 

L=
∂
∂x

L1 +
∂
∂y

L2 +
∂
∂z

L3 =
∂
∂x

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0
0 0 0
0 0 0
0 1 0
0 0 0
0 0 1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

+
∂
∂y

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0
0 1 0
0 0 0
1 0 0
0 0 1
0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

+
∂
∂z

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0
0 0 0
0 0 1
0 0 0
0 1 0
1 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

The quadratic approximation function Ni(x,y,z) is calculated in the local coordinate system as: 

u(r,k)3×1 =N3×24⋅ŭ(r,k)24×1  

where ŭ is the local displacement and N is the shape function matrix. 

ε =

[(

L1
∂N
∂x

+ L2
∂N
∂y

+ L3
∂N
∂z

)

+
(
L1Nikx + L2Niky + L3Nikz

)
]

ei(k⋅r)eiωtŭ(r)

=
(
B1 + B2ikx + B3iky + B4ikz

)
ei(k⋅r)eiωtŭ(r) = Bŭ(r,k)

where: 

B=B1 + B2ikx + B3iky + B4ikz  

B1 = L1
∂N
∂x

+ L2
∂N
∂y

+ L3
∂N
∂z

, B2 = L1N, B3 = L2N, B4 = L3N 

Derivate u about t is obtained as: 

u̇(r,k) = u(r,k)iω 

The Lagrangian La for one element is: 

La =
1
2

∫

t

∫

h

∫

A

(

ρu̇T
(r,k)u̇(r,k) − εT Cε

)

dAdhdt

=
1
2

∫

t

(

ω2ǔT
(r,k)meŭ(r,k) − ǔT

(r,k)keŭ(r,k)

)

dt  

where me and ke are the stiffness and mass matrices, respectively, for one element. 
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ki
e =

∫

h

∫

A

BT CBdAdh

=

∫

h

∫

A

(
BT

1 − BT
2 ikx − BT

3 iky − BT
4 ikz
)
C
(
B1 + B2ikx + B3iky + B4ikz

)
dAdh

=

∫

h

∫

A

ki
1 + ki

2ikx + ki
3iky + ki

4ikz + ki
5k2

x + ki
6k2

y + ki
7k2

z + ki
8kxky + ki

9kxkz + ki
10kykzdAdh 

where: 

ki
1 =BT

1 CB1  

ki
2 =BT

1 CB2 − BT
2 CB1  

ki
3 =BT

1 CB3 − BT
3 CB1  

ki
4 =BT

1 CB4 − BT
4 CB1  

ki
5 =BT

2 CB2  

ki
6 =BT

3 CB3  

ki
7 =BT

4 CB4  

ki
8 =BT

2 CB3 + BT
3 CB2  

ki
9 =BT

2 CB4 + BT
4 CB2  

ki
10 =BT

3 CB4 + BT
4 CB3  
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